The zeros of the partition function of the ferromagnetic q-state Potts model with long-range interactions in the complex-q plane are studied in the mean-field case, while preliminary numerical results are reported for the finite 1d chains with powerlaw decaying interactions. In both cases, at any fixed temperature, the zeros lie on the arc-shaped contours, which cross the positive real axis at the value for which the given temperature is transition temperature. For finite number of particles the positive real axis is free of zeros, which approach to it in the thermodynamic limit. The convergence exponent of the zero closest to the positive real-q axis is found to have the same value as the temperature critical exponent 1/ν. PACS: 05.50.+q, 64.60.Cn
Introduction
Several decades ago, it was shown that the study of distribution of the partitionfunction zeros in the complex plane of an appropriate variable, can provide relevant informations on phase transitions. In their pioneering work, Lee and Yang [1, 2] have shown the connection between the existence of phase transition and the distribution of partition function zeros of the ferromagnetic Ising model in the complex plane of a symmetry breaking field. Later on, [3, 4] , similar connection was established for the partition function zeros in the complex-temperature plane. In both cases, the singularities at the transition point are closely related to the way that the zeros approach (either with temperature or with the size of the system) to the positive real axis.
The partition function zeros were investigated for number of models, including the Potts model both in complex-field [5, 6] and in complex-temperature [7] [8] [9] [10] plane. In the Potts model a relevant quantity is also the number of states q, often considered as a continuous parameter, which is formally possible on the basis of its graphical representation [11] as it will be discussed later in text. This gives the motivation to investigate the zeros for this model also in the plane of complex q (CQ). Such an idea was already formulated [12, 13] but mostly in context of chromatic polynomials in connection with studies of the ground state of the anti-ferromagnetic Potts model [14] [15] [16] [17] [18] [19] [20] . Only a few works on CQ plane address the ferromagnetic Potts model at finite temperatures. The papers by Chang and Shrock, [21] , study the loci of partition function zeros in 2d Potts model with different boundary conditions. In their very recent paper Kim and Creswick [22] give a systematic study of both Fisher and complex-q zeros in the 2d Potts model with short-range interactions and find the similarity between the scaling property of CQ zeros and the den Nijs expression for the thermal critical exponent.
In the present paper we are primarily interested in the zeros in the complex-q plane in connection with the first-and second-order phase transitions in the ferromagnetic Potts model. To this purpose we consider here the Potts model with long-range interaction. It has an exactly solvable limit for arbitrary q, while its special case of power-law decaying interactions, embraces already in one dimension most of the nontrivial aspects of phase transitions characteristic of the Potts model in general. In the next section we describe briefly the starting Hamiltonian and its graphical representation. In subsequent sections we present the results for the mean-field (Section 3) and the power-law decaying interactions case (Section 4).
Hamiltonian
The ferromagnetic Potts model with interactions of arbitrary range is described by the Hamiltonian
where n i denotes the Potts variable at site i of a d-dimensional lattice, which can take q values and J i,j ≥ 0 denotes the ferromagnetic interaction between particles at sites i and j.
An impressive amount of studies of this model in the case of nearest neighbour interactions (for a review see Wu [23] ) reveal its very complex critical behaviour which varies with q and comprises transitions of different orders and belonging to various universality classes.
The model with long-range interactions was studied less, and mostly in two special cases. The first is the case when all the interactions are equal and it represents the mean-field (MF) limit of the model. It can be approached by the saddle point approximation [24] [25] [26] [27] and in the thermodynamic limit the exact expressions, in particular those for critical temperature and exponents may be derived for all values of q. Second is the case with power-law interactions decaying with distance as 1/r d+σ . The type of phase transition there depends in addition on the parameter of range σ, which in certain aspects has similar effects as the change of dimensionality [28] . The phase transition is there present in one dimension [29] [30] [31] and by varying σ, series of different regimes are met, which makes this 1d model a useful paradigm for most of important features of the model in general (including also the first-order phase transition). It was a subject of number of recent studies [31] [32] [33] [34] [35] [36] [37] [38] [39] .
The graphical representation of the Potts model [11] holds for arbitrary range of interactions. The partition function for the Hamiltonian (1) may be expressed as
where the summation is taken over all possible graphs G. Each graph represents one possible configuration of connections between the N particles, called active links, each of which contributes with a factor
denotes the number of of disconnected parts of the graph called clusters. The product is taken over all the active links of a considered graph.
Whatever the interactions are, the number of clusters that a single graph contains ranges from one cluster (low temperature limit, where all particles are interconnected), up to at most N clusters (high temperature limit where no active links are present and each particle is a cluster of size one). Thus, by collecting all the graphs with the same number of clusters, the partition function becomes simply an N-th order polynomial in q
This made possible to treat the number of states q as a continuous parameter. It also gives the possibility to examine the zeros of the partition function as the zeros of the N-th order polynomial in q.
The coefficients a n are functions of temperature, the finite size and interactions, and are quite complicated in the general case (1), but can be written in more compact form for the special cases considered here.
The MF case
The simplest case of long-range interactions is the one where all the interactions are set to be equal, J i,j = J, which reduces the Hamiltonian (1) to the form
where K = J/k B T , and division by N is necessary to keep the summation finite. This model corresponds to the MF limit. It was solved by the saddle point approximation [24] . The phase transition is there of the first order for q > 2 and of the second order for q ≤ 2. The exact expressions for the inverse of the transition temperature K t is given by
for q > 2, and by K c = q for q ≤ 2. Exact analytical expressions may be derived also for the critical exponents matching the values obtained in the MF regime of the short-range interaction model [27] (except those related to the correlation function, as it will be discussed later in text).
The graph representation (2) reduces in the MF limit to
where the active links have all the same strength v = exp(K/N) − 1, independently of distance between the particles they connect and b(G) denotes the number of active links in a given graph G. Written as a polynomial in q the above equation is equal to
where the coefficients a n are real and positive and depend on temperature and size N only. (Notice, that, since the number of active bonds may reach up to N (N − 1)/2, the above partition function could equally be written as a polynomial in temperature variable v, which would be of order N (N − 1)/2.)
Numerical results
For relatively small sizes the evaluation of coefficients and finding the zeros of the polynomial (7) One may observe that in all the three cases the zeros lie on contours similar but different from circle which cross the real axis near the value of q, for which the given temperature is the transition temperature. The zeros are absent from the positive real axis, but approach to it with increasing N.
We were thus interested to perform a more precise extrapolation of this crossing point in the thermodynamic limit and studied the convergence of the zero closest to the positive real axis with N. Further, we have examined the possible connection of the convergence of the closest zero with N to the scaling properties of the model near criticality.
To this purpose we have used Burlisch and Stoer (BST) extrapolation procedure [40, 41] . This algorithm was shown [41] to converge rapidly, needs a modest amount of data and, in advantage over the similar algorithm by van den Broeck and Schwartz (VBS) [42] , it is less sensitive to the rounding errors.
In short, BST algorithm extrapolates a sequence of the form
in the N → ∞ limit by a set of transformations recursively given by
1,2 (N) are the input data and ω is a free parameter.
If the original series is of the form:
it incorporates the leading convergence exponent as ω, while the higher order approximants converge as
Although it was shown, that the extrapolations are insensitive to the choice of ω in a wide range of values, it influences its convergence speed. Thus, by maximising the convergence of higher approximants one can in the same time obtain both the extrapolated value and the leading convergence exponent. Also, when the extrapolated value is known in advance, ω yields the leading convergence exponent.
We have examined the convergence of the real and imaginary parts of the zero closest to the real axis, denoted as q In the extrapolation of both real and imaginary part q (0) 1,2 (N), the same parameter ω was used and was fixed by the constraint q
The results of extrapolations are presented on Table 1 . By Q 0 is denoted the value of q for which the considered temperature is known to be the transition temperature. All the data were obtained by requiring that condition q The presented results indicate that:
(i) loci of CQ zeros intersect the positive real-q axis at value q 1 = Q 0 . The values agree up to a few percents.
(ii) Power-law convergence of the closest zero is observed in all the cases considered.
The convergence exponent ω represents the scaling with size of the distance from the real axis to the closest zero. Before proceeding with the finite-size scaling analysis it is important to notice that here the scaling is not done with the linear size, but rather with volume, more precisely, with number of particles, since in the infinitely coordinated model the distance as well as the dimensionality lose their meaning. In this respect the considered MF limit differs from the standard MF approach to the short-range (SR) interaction model. As pointed out by Botet et al. [43, 44] the basic scaling quantity in the infinitely coordinated system is not the correlation length, but the "correlation number" N c , which scales with temperature with the critical exponent ν * = ν M F · d c . The exponent ν M F and d c are, respectively, the mean-field value of the critical exponent ν and the upper critical dimension (the dimension above which the MF regime sets on) of the SR model. Thus, the temperature critical exponent for the present model, where only the scaling with the number of particles can be applied will be 1/ν * and not 1/ν M F . In the Potts model ν M F = 1/2 both for q < 2 and q = 2, while d c = 4 for q = 2, but d c = 6 for q < 2 for symmetry reasons. This gives ν * = 2 for q = 2 and ν * = 3 for q < 2.
The results presented in Table 1 clearly show that in the regime of secondorder phase transition (q ≤ 2) the convergence exponent coincides up to a few percents with the temperature critical exponent 1/ν * . This result should be compared to the one in complex temperature plane, where it was shown [45] that the distance of the zero closest to the real axis scales as the temperature critical exponent. Similar behaviour in a CQ plane was recently observed in the 2d ferromagnetic Potts model by Kim and Creswick [22] , but the precision of their results did not permit them to be conclusive whether the obtained convergence exponent was indeed equal to the exponent 1/ν.
In cases q = 3 and q = 8 we obtain approximately linear convergence, proportional to the system size, which is the form of scaling that is expected for the first-order transition.
Large N expansion
In the limit N ≫ 1 some analytical results may easily be derived by extending the MF solution by Kihara et al. For the large number of particles N, the free energy per particle F and the partition function Z N are given by [24] F (K, q, S) = (11)
where S denotes the order parameter.
We limit our considerations here to the first-order regime of temperatures, where the free energy density at the transition shows two equal minima, and the partition function integral can be approximately solved by a saddle point method
The first term on the right hand side denotes the minimum at S = 0, and the second term is the contribution of the second minimum at S = S min > 0, which is obtained from the equation for the extremum
The straightforward way to find the CQ zeros would consist of two steps: first, by using (14) one should represent F as a function of K and q only; second, one should solve the equation Z N = 0 by analytic continuation of q to the complex plane. Since F = F R + iF I then becomes complex, the vanishing of Z N , as given by (13), requires
These two equations determine the position of complex conjugate pairs of zeros (q
2 ) in the CQ plane.
The first of the above mentioned steps cannot be performed in the straight-forward way. Instead, we will solve (14) in variable q
and represent F as function of S and K.
The equations (15) are then solved in the complex-S plane and, by equation (16), mapped back into the CQ plane.
The solutions q
1,2 should comply with both equations (15) . Since the first of equations (15) is N-independent, it contains all the possible positions of zeros for arbitrary N including the limit N → ∞. The zeros of the system of particular size N are then determined as intersections of this curve with solutions of the second equation in (15) . For large N these intersections appear to be equally distributed along the the curve F R = 0, so that it can be drawn as the contour containing zeros. (see Fig. 2 as an illustration). The curve crosses the positive real-q axis at a point which is transition point for a given temperature.
Since the locus of zeros has a shape similar to a circle, we draw the circular contour (long dashed line) in order to stress the difference. The parameters of this circle are determined by the facts, that its center lies on the real-q axis (since zeros appear in complex conjugate pairs only) and that it intersects the positive real-q axis at q solution of (5) and the negative real-q axis at q = −|q|, solution of
We were not able to give analytical expressions for all the zeros of the model, but the location of zeros closest to the positive real S or q axis is a relatively easy task.
Since we limit here to the first-order transitions, the temperature will be fixed through the parameter Q 0 > 2
In the thermodynamic limit the second minimum of F (S) appears at S 0 = (Q 0 − 2)/(Q 0 − 1). For large but finite N, we will expand free energy (17) around the minimum, S = S 0 + s. The small s ≪ S 0 vanishes as N → ∞, so we expect to have, to leading order in 1/N,
for real constants a, b, x 1 , x 2 . The expansion of (17) and the constraint (15) give the equation
The closest zero has the smallest imaginary part, so its index is m = 0. By inserting (20) in the above equation, one reads
while x 1 is not defined. Mapping back to the CQ plane by using the equation (16) gives
Finally, by inserting values for a, b, x 2 from (22), one obtains the large-N dependence of the distance of the closest zero from the real axis in the case of the first-order transitions.
The above expressions can be checked numerically. For illustration, the numerical data of the closest zeros, for the temperature critical for q = 8 are presented in Table 2 for different sizes N. Table 2 The location of the closest zeros for the temperature given by the relation (19) for Q 0 = 8. N denotes the number of particles in the system considered.
N q The data q
1,2 (N) from Table 2 and analogous series of data for different temperatures corresponding to q = 3 and q = 2.1 were extrapolated to the thermodynamic limit by using the BST algorithm.
The extrapolation parameter ω was fixed by the constraint q 
the convergence exponents α 1,2 (N) for real and imaginary part of the closest zeros, can be expressed as
The above data for α 1,2 (N) are extrapolated again by the BST algorithm. The complete set of extrapolated results is summarised in the Table 3 . Table 3 The results of the BST extrapolations performed on the closest zeros, q 1,2 (∞), followed by parameter ω and convergence exponents α 1,2 , for set of temperatures determined by Q 0 and (19). The predicted convergence exponents x 1,2 as given by (24) are in the last two columns. We observe a full agreement between the analytically given values for q and convergence exponents on one side, and the numerically calculated and extrapolated values for q and exponents on the other side. Although the scaling in the case of the first-order phase transition is trivial and linearly proportional to system size, the results can be used to check the convergence of numerical results. For q = 3 and q = 8 the convergence exponent has improved compared to the earlier numerical results given in Table 1 , confirming that larger error in this case comes from the small size of considered systems and that scaling is indeed linear with size as expected for the first-order phase transition. The loss of precision in extrapolations persists only for the case corresponding to q = 2.1 and should be attributed to the crossover effects due to vicinity of the border between the first-and second-order transitions.
For the partition function zeros lying on the curve in the appropriate complex plane, the normalised density of zeros g, is defined as [2] 
where dn is the number of zeros inside the arc of the curve of the length dl. In the case of the field-or temperature-driven second-order transitions, the density of zeros vanishes at the transition with an exponent connected to critical exponents [46] . On the contrary, at the first-order transition point, the density of zeros remains constant. To the end of this paragraph, we will examine the behaviour of density of CQ zeros in the vicinity of first-order transition point. To this purpose, we notice that the large-N expansion of q 1,2 (N) for the closest zeros (those with m = 0) presented earlier in text, may be directly generalised to other values of m as long as the condition (2m + 1) ≪ N is fulfilled. This leads to
with the constants q 1 (∞), C 1 and C 2 given by the relations (24), where 1/N is changed by (2m + 1)/N.
To calculate numerically density of zeros (27), we choose two neighbouring zeros, with dl denoting geometrical distance between them,
. In that case density of zeros near positive real-q axis becomes
The edge (m = 0) density of zeros g 0 , tends to constant value in the thermodynamic limit.
For example, for Q 0 = 8 and K(Q 0 = 8) = 4.540457014462 this constant is
For illustration, we check this result numerically by calculating for the values of Q 0 and K from above, and N = 10 000, the twenty zeros closest to the positive real-q axis and corresponding densities. They are presented in Table  4 .
The limiting value of the density at the transition point, is extracted by the BST extrapolation procedure (8) simply by changing variable 1/N into (2 m+ Table 4 The twenty zeros closest to the positive real-q axis and the corresponding densities are shown at temperature determined from the relation (19) and Q 0 = 8 and for the N = 10 000 particles. 
The extrapolations give g 0 = 1.152194 · 10 −2 for a wide range of 0.3 < ω < 3.0, which reproduces the analytically obtained value (31) in six significant digits.
We can conclude that the density of the partition function zeros in the CQ plane behave in similar way as the density of zeros in the complex-temperature [3] or complex-field [46] planes: in thermodynamic limit it has constant value at the first-order transition point.
The power-law decaying interactions
The second case that we have considered is the ferromagnetic Potts model in one dimension with power-law (PL) decaying interactions. When taking the periodic boundary conditions, it is described by the reduced Hamiltonian
Although in one dimension, the model is nontrivial and has a phase transition at nonzero temperature for all q when 0 < σ ≤ 1 [29] [30] [31] . This transition is of the MF type for low enough values of σ, σ < σ c (q), and is a non-trivial second-order phase transition for σ > σ c (q). In the classical regime σ < σ c (q), the transition is of the first order when q > 2 [34, 35, 37] . The exact position of the line separating the two regimes, σ c (q), is a difficult and still open question [35, 37, 47] .
In the graph representation, the difference from the MF case is that the contribution of active links depends on distance between the particles they connect. (34) or, in form of polynomial in q,
The real and positive coefficients a n depend on temperature and N, but also on the parameter of range σ. This makes the calculations more demanding for the computer memory.
We have performed exact numerical calculations on chains with N ≤ 9 particles for two sets of parameters, (σ = 0.3, K = 0.576) and (σ = 0.8 K = 0.8230). As in the previous case, the chosen temperatures are the critical temperatures known for certain values of q. They correspond to q = 5 and q = 2 respectively. Remark, however, that in the present case the critical temperatures are not known exactly. The values used here were obtained by the finiterange scaling approach [31] . The first and second set correspond respectively to the to the first-and second-order phase transition.
The numerical results for the loci of CQ zeros for sizes N = 6, · · · , 9 are presented in Figures 3 and 4 . In both examples are obtained the zeros lying on the arc-shaped curves, while the positive real axis is free of zeros. The zeros closest to it approach to it with increasing N.
As in the MF case, we have examined the convergence of the closest zeros to the thermodynamic limit by the BST algorithm, assuming the power-law form. The analysis included the data obtained for chains with N = 5 to 9. The parameter ω was determined, as earlier, by requiring that q 2 → 0 in the thermodynamic limit. The results are presented in Table 5 . Table 5 The loci of closest zeros and its BST extrapolation at (K = 0.576, σ = 0.3) and (K = 0.823, σ = 0.8) In the case of second order phase transition the expected crossing point with the real axis is obtained with precision better than 1%. The leading conver-gence exponent given by ω, is equal to 0.41, which is close to the value for the temperature critical exponent 1/ν = 0.48 obtained earlier by finite-range scaling for q = 2 and σ = 0.8 [31] .
In the case of the first-order transition the fit is more difficult. The discrepancy between the obtained crossing point and the value expected for the considered temperature is larger, about 20%, while the convergence exponent, which in context of finite-size scaling should be linear for a first-order phase transition, differs by about 11%. Larger error in determination of the value of q, may be attributed to both lower precision of the data for critical temperature obtained by finite-range scaling [31, 35] when the values of σ are low and to the proximity of the second-order transition regime in the (q, σ) plane, which might induce crossover effects for small sizes.
Since in these preliminary calculations we dispose with small number of data, we have not calculated the density of zeros in the case of PL model.
Conclusion
We have studied the complex-q zeros of the partition function of the ferromagnetic Potts model with LR interactions in context of the first-and second-order phase transitions in this model. Two special cases were considered, the MF case and the case with power-law decaying interactions.
We conclude that the positions of the zeros may be analysed in a similar way as the zeros in the plane of complex field or temperature and that they can give useful informations on the phase transition in ferromagnetic Potts models.
Numerical results for relatively small systems show the similar picture as in the case of zeros in the complex field or temperature plane. In all the cases considered the zeros lie on smooth curves that intersect the real positive axis at value for which the given temperature is the transition temperature. For finite systems the positive real axis is free of zeros, but they approach to it with increasing size.
The distance of the closest zero from the real axis is found to scale with size as the temperature critical exponent 1/ν. This result is obtained in the MF case with a rather good precision and for series of different temperatures corresponding to different transition regimes. The preliminary results obtained with less precision suggest the same behaviour in the case of power-law interactions. This result is similar to behaviour in the complex temperature plane, and it supports recent findings by Kim and Creswick [22] in the SR Potts model in 2d.
In the end, let us mention some technical advantages of the analysis by CQ zeros compared to the complex-temperature zeros in the model with LR interactions. The partition function of the MF model consisting of N particles can be written as a N-th order polynomial in q, or roughly N 2 -th order polynomial in temperature variable. Consequently, this allows better numerical precision of calculations in the CQ plane then those in the complex-temperature plane. For a model with power-law decaying interactions the possibilities in complex temperature plane are even more restricted. Model with N particles, has N/2 (for N even) different parameters involving temperature, so that the partition function cannot be defined as a polynomial in some temperature variable at all.
Further investigations of the CQ zeros might be done in future in at least two directions. We plan to perform a more complete analysis of the CQ zeros in the case of power-law decaying interactions. In particular, it would be interesting to examine a still open question of the borderline q c (σ) dividing the first-from the second-order transition regimes within the formalism of CQ zeros. Also, on the basis of the results obtained in this paper, a possible connection between the zeros in complex-q and complex-temperature plane deserves further investigation. 
